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C Diagram Formal Language
L Triangle (A,B,C)

Triangle (A,C, D) ] E{%‘ﬂéji‘ 1ia

Triangle (B,C,D)

PointLliesOnLine (D, Line (A, B))
Perpendicular (Line (A,C),Line (B,C))
A D B | Perpendicular (Line (C,D), Line (A, B))

In triangle ABC, AD =3 and BD  Text Formal Language

= 14. Find CD. Triangle (A, B, C) 3 *414/; 1ia
Choices: Equals(LengthOf(Llne(A D)

A.60 B.65 C.7.0 D.&.S Equals (LengthOf (Line (B,D)), 14)
Answer: B Find(LengthOf(Line(C,D))) |
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predicate | Line, IntersectAt, IsMedianOf
literal Find (AreaOf (Triangle (A,B,C))

K 2: LB F AER BT

EEEXT 91 B,



5 Geometry3K Dataset

5.1 Dataset Collection

Geometry3K BIHEARRBBEARTT 6-12 5 FRN & PHEMBATENE
KEBIE,

MAZBIYIFE ROAREAE FITME,

EE AT B E T RARE R, EREANRAKN Bt JUARRE 2K
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Problem Text Diagram Choices Text Literals Diagram Literals
Find y. Round to the / A.18.8 Find(y) Equals (LengthOf (Line (A,B)), 32)
Equals (LengthOf (Line (B,D)) ,vy)
nearest tenth. 32 / \ 2- %23 Equals (MeasureOf (Angle (3,C,B)) , 54)
Yoo\ ok Equals (LengthOf (Line (&,D) ), x)
/ . 5_4;\ D. 44.0 PointLiesOnLine (D, Line (A,C))
s 1 Answer: C Perpendicular (Line (B, D) ,Line (C, D))
Equals (LengthOf (Line (A, B) ) , LengthOf (Lin
e(B,0)))
Find the perimeter of J K A.11.2 Find (PerimeterOf (Parallelogram | Equals (LengthOf (Line (L,K)),7.2)
$\parallclogram$ A B.22.4 (J,K,L,M))) Equals (LengthOf (Line (M, L)), 4)
JKLM. l6em  [72em| C.24 Equals (LengthOf (Line (£, J)) , 6)
R / D.44.8 PointLiesOnLine (E, Line (M, L))
M :lrm s Answer: B Perpendicular (Line (J,E) ,Line (E, L))
In $\odot$ K, MN = = A.6.93 Circle (K) Equals (LengthOf (Line (J,K)), 10)
16 and m $\widehat$ /N | B.750 Equals (LengthOf (Line (,N)), 16) | Perpendicular (Line (2, K) ,Line (M, B))
MN=98. Findthe | m{_ % | | C.804 |Ecsals(Measurcof (arc(vN)),o8) | EointlicsOnLine (2, Line (4,))
NoK Find (LengthOf (Line (L, N) ) ) PointLiesOnLine (P, Line (L, J))
measure of LN. \\y\p // D. 10.00 =l 4 PointlLiesOnLine (P, Line (L, K))
Round to the nearest == Answer: C PointLiesOnLine (K, Line (P, J))
hundredth. N PointLiesOnLine (X, Line (L, J)

)
PointLiesOnCircle (M,Circle (K))
PointLiesOnCircle (J,Circle (K))
PointLiesOnCircle (N,Circle (K))
PointLiesOnCircle (L,Circle (K))
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NkE. BIELE, MRELH 0.7: 0.1: 0.2

Total Train Val Test
Questions 3,002 2,101 300 601
Sentences 4,284 2,993 410 881
Words 30,146 20,882 2,995 6,269
Literals (Text) 6,293 4,357 624 1,312
Literals (Diagram) | 27,213 19,843 2,377 4,993
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Number of question words
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Predicates (Text) % |Predicates (Diagram) %
Find 19.00|Line 30.89
Line 4] 14.49|PointLiesOnLine 16.66
Equals 11.83|Equals 15.17
LengthOf 9.53 [MeasureOf 10.46
MeasureOf 8.97 |LengthOf 8.69
............ A5

CircumscribedTo 0.05 |Triangle 0.03
SumOf 0.04 [Quadrilateral 0.02
HeightOf 0.04 |[Kite 0.01
BaseOf 0.04 |HeightOf 0.01
IsHypotenuseOf 0.04 |Square 0.01
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5.3 Comparisons with Existing Datasets

YEEIANA B CHBIEEBRIZAK, MAT GEOS Hifgk%k., =
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5.4 Human Performance
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25 AFEE 10 N, FrAEEED 7 49%, SNRELFET 10 B8
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X3 90.9%,

Method All | Angle Length Area Ratio | Line Triangle Quad Circle Other

Random 250 | 25.0 25.0 250 250 | 25.0 25.0 25.0 25.0 25.0
Human 569 | 53.7 59.3 577 429 | 46.7 53.8 68.7 61.7 58.3
Human Expert 909 | 899 92.0 939  66.7 | 959 92.2 90.5 89.9 92.3
Q-only 253 | 295 21.5 283 333 | 21.0 26.0 259 25.2 22.2
I-only 27.0 | 262 28.4 245 167 | 247 26.7 30.1 30.1 259
Q+I 26.7 | 262 26.7 283 250 | 21.0 28.1 322 21.0 25.9
RelNet (Bansal et al., 2017) 29.6 | 262 34.0 20.8  41.7 | 29.6 33.7 25.2 28.0 25.9
FiLM (Perez et al., 2018) 31.7 | 287 32.7 39.6 333 | 333 29.2 33.6 30.8 29.6
FiLM-BERT (Devlin et al., 2018)  32.8 | 32.9 333 302 250 | 321 323 322 343 33.3
FiILM-BART (Lewis et al., 2020)  33.0 | 32.1 33.0 358 50.0 | 34.6 32.6 37.1 30.1 37.0
Inter-GPS (ours) 575 | 59.1 61.7 302 50.0 | 59.3 66.0 524 45.5 48.1
Inter-GPS (GT) 783 | 83.1 77.9 623 750 | 864 83.3 77.6 61.5 70.4
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6 Geometry Problem Parser

6.1 Text Parser
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6.2 Diagram Parser
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7 (Geometry Problem Solver
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Rule-Based Text Parser

In triangle ABC, AB = BC.
Find y.

=5 E N

Triangle(A,B,C)

Triangle(A,B,D)

Triangle(B,C,D)
Equals(Line(B,C),32)
Equals(Line(C,D),x)
Equals(Line(B,D),y)
Equals(Angle(C,A,B),54)
PointLiesOnLine(D,Line(A,C))
Perpendicular(Line(B,D),Line(A,D))
Equals(Line(B,C),Line(A,B))

Find(y)

[

L A—
( Enc:)der J Deci)der ] ® [Isosceles Triangle TheOremHEquals(Line(A,B),32)‘
[ Encoder | Decoder |
Encher . oo | | © [ Lawot S T v

Transformer-Based Theorem Predictor

Symbolic Geometry Problem Solver
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7.1 Symbolic Geometry Solver

Inter-GPS &R BE& 2 A R fo KB ,
BArJUAT R g BBUERE g%

XREE R EXLERBFOILABMEFMXR, FEBAXAKfoBENAENT
HAOFEENNEL, RFA—FTRTIVAMREXMTENTEE. 1, ZAF
WEXANZHKARENL, MLAATHSHERNERSMME| R £,

AABC = Ponit(A), Ponit(B), Ponit(C), Line(A, B), Line(B, C'), Line(C, A)
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g ¢ A,

MTERIR @S, WR L QAR p SHAXRERES R EER, WAR
BLEW ¢ BEFRRES

R(—k’i/\Rt_l, k; € KB
MANWANERRE, ExBAESRAENBE BN g ZBNARE, BEHREE,

n g FREERAR
g* +— SOLVEEQUATION(R,, g)

7.2 Theorem Predictor (TP)

— TP RERIIR R R 2R , [BFENLIR R
RRERARRKEY, FETRENFMER EREERFREBTERE,
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FARRIVTFIF & BB N K EARFU) S RT KR E R LR 4miR,

R T RHA o DU iRE R,
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Ik Seq2Seq A BIAAL 0

Lrp = _ZlongP(ti | t1,t2, ... ti1)

i=1
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7.3 Low-first Search Strategy

EEEWHBITOUSR EEFINZE, Inter-CPS HRKE T HET AR E| R
BAf. AREMMAIZBRME FRAECEAREERE, NAVERITHE, F
FHRERATIT, TEMEE RNEHE,

Y& XA —F o

EZIBIER LA 4 KB, fa & KBy, WEMBN=A%K
NAfREE, 25=AVEE, aMNEREE,

EERTNERZ EHE—THERT, BERBRMES KB, REFHXR
£E Ro

R+— kAR, ki eKB

EEMEEREESN R, BEERENEREFTXRES,
R +— k; A Rt—h k; € ’CBQ

—ERI| BT g RERPBEAIRKE BENERIERAFL,
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Algorithm 1 Symbolic Geometry Solver

Input Literals £, goal g, knowledge bases KB1, B2
Output Numeric goal value g* and theorem application S

1: function SEARCH(L, g, KB1, KB2)

2 Initialize relation set Ro with £, ¢* =0, S =0
3 KB, <— THEOPREDICTOR(L) > Predicted
4 for k; € KB, do
5: Ri +— ki N Ri—1
6: S.APPEND(k;)
7 end for
8 g* < SOLVEEQUATION(R4, g)
9: if g* # () then
10: return g* and S
11: end if
12: while ¢* = () and R is updated do
13: for k; € KB, do > Lower-order
14: Re +— ki N Ri—1
15: S.APPEND(k;)
16: g* + SOLVEEQUATION(R+, g)
17: if g # () then
18: return ¢g* and S
19: end if
20: end for
21: for k; € B> do > Higher-order
22: Re +— ki N Re—1
23: S.APPEND(k;)
24: g™ < SOLVEEQUATION(R, g)
25: if g* # () then
26: return g* and S
27: end if
28: end for

29: end while
30: end function

Kl 10: Inter-GPS & &

8 Experiments

8.1 Experimental Settings

Datasets and evaluation metrics

IR Inter-GPS REEE AR KA H =8 B ARFUE, W MAEAMERE +
FEMLEEFE DN, B EMLEALTES, TNEEREONENFPEERKER
B/

Baselines

YEE 9 U R g 88 Se LA , 5 Inter-GPS 34T,
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FHOER R U B RARMES T MUK 2 KR, &7 5 9mAD 28 B SOARERA
FoANBE A B8 B9 B R RAE IR B,

Q-only {X3#3¥ Bi-GRU %3 834 B Ri1ET 89 RIBUSIARH T HRED, [-only 1R
3 ResNet-50 4mAd S8 E 0 N\ X e @1 B g 34T 4mA

Q+I 2Bl{E A Bi-GRU #a ResNet-50 X 3 F A0 BT AL,

RelNet A T #k N SCA M SZILE, B 252K Fn % R BRI TR K H %, FiLM
SCIL T % AR IR AR A HE IR,

FiLM-BERT {# H BERT %% 8/ & GRU %38, FILM-BART 4 H BART
L TE

Implementation details
EEURE T —4H 17 ANUFRTEIER R AR EE
AT ERERFIIEMNE, SRR 100 R, ZRFFIKEHN 20,
R, H6 B, 2A9F8AL, BREHA
R~ 768,
Inter-GPS B RFPKIREN 100 #.
FERBELA Adam RALE, ZEIRKE 001, RRERREK 30 R,
AFRBEREHRER, Inter-GPS /MR =R,

8.2 Comparisons with Baselines

Y& B Inter-GPS BIAREE 57.5%, BEERTHAEREMHMZ MR EE,
Inter-GPS IWAXKEEE &,
WAHEE (Ground truth) BRIEE B Inter-GPS 3R1F 20.8% #—F A,

Method All | Angle Length Area Ratio | Line Triangle Quad Circle Other
Random 250 | 25.0 25.0 250 250 | 25.0 25.0 25.0 25.0 25.0
Human 569 | 53.7 59.3 577 429 | 46.7 53.8 68.7 61.7 58.3
Human Expert 909 | 89.9 92.0 939  66.7 | 95.9 92.2 90.5 89.9 92.3
Q-only 253 | 295 21.5 283 333 | 210 26.0 259 25.2 222
I-only 27.0 | 262 28.4 245 167 | 247 26.7 30.1 30.1 259
Q+I 26.7 | 262 26.7 283 250 | 21.0 28.1 322 21.0 25.9
RelNet (Bansal et al., 2017) 29.6 | 262 34.0 20.8 417 | 29.6 33.7 25.2 28.0 259
FiLM (Perez et al., 2018) 31.7 | 287 327 39.6 333 | 333 29.2 33.6 30.8 29.6
FiLM-BERT (Devlin et al., 2018)  32.8 | 329 333 302 25.0 | 32.1 323 322 343 333
FiLM-BART (Lewis et al., 2020)  33.0 | 32.1 33.0 358 50.0 | 34.6 32.6 37.1 30.1 37.0
Inter-GPS (ours) 575 | 59.1 61.7 302 50.0 | 59.3 66.0 524 455 48.1
Inter-GPS (GT) 78.3 | 83.1 77.9 623 750 | 864 83.3 77.6 61.5 70.4

K 11: Geometry3K $#E£E_ | Inter-GPS X} kb 3 1 P4 45 51

Inter-GPS ¥ CEOS $#E% L RF R I3 MU RAR S MERE,

12



Method Acc (%)
GEOS (Seo et al., 2015) 49
GEOS++ (Seo et al., 2015) 49
GEOS-OS (Sachan and Xing, 2017) 52
GEOS++AXIO (Sachan et al., 2017) 55
Inter-GPS (ours) 67

K 12: GEOS %¥i¥adk L yFfligh R

8.3 Ablation Study and Discussion

Search strategies

Inter-GPS AR F fiR IR 1R) R 7 B BARKE B AR 34 3 3K
Search strategies Accuracy (%) | # Steps
Random 7554+02 |13.2+0.1
Low-first 773 +£03 |15.140.2
Predict 775 +0.1 | 6.5+0.1
Predict+Low-first (final) | 78.3 +£0.1 | 7.1 0.1

i N

Kl 13: Inter-GPS FEA[A]#E ZREHE T 114 fig

REAERAEZEMARINEE, REBFEMNERRFS|, XA—

Predict X ReERARRE LREF35FORD B 6.5 7

BARRERE,

Problem parsers and literal sources

U AR SRR 97% AFAE, MIBXXSEBTRBRE 67% £HARE,

XRRERNTHNRRSBREA T IONEZE—MEM R, RE

Diagram w/o | Diagram | Diagram (GT)
Textw/o | 25.0+£0.0 [46.6+£0.7| 58.7+0.2
Text 254 +£0.0 |57.5£02]| 75.0+0.6
Text (GT)| 254+£00 (58.0x+1.7] 783 £0.1

A 14 ARSI R R, TR S v X L PR R

MEFANNBRBRERTEE, nter-GPS ¥EXER| 57.5%,

Inter-GPS 5 4 BB XA F BB XA Z BB EBER/N, BT UL Bl SCABAT 28
PATRMRIT

MASTMREGTE BN Inter-GPS B3 17.5% BRFA, Eok

o]

1
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Searching step distribution

BRARKRENFHBRIBER, HLREABKBRBNF, FEH nter-
GPS XA Predict+Low-first (final) KB, B wAERE A 65.97%, AP K
AR IEIA 70.06%,

Correctly Solved Problem Distribution by # steps

B Predict+Low-first (final)
60 Low-first
B Random

Frequency (%)

0-2 3-5 6-10 11-15 16-20 >20
Number of search steps in groups

B 150 IR I BT R R A B AT

Neural geometry solvers

JURI RAR B B K B AEFE Geometry3K BIFE LT EZRBHELER, X
R E 2 A RN R B X BB X AR AR R,

SR S S T RE AR S B UA R B R AR XA BB SR HE TR

PEE R Q1 B P 89 =] BUCAf B R B 3 N B R EAE XA A AT AL
I

Diagram (visual) | Diagram (formal)
Text (natural) 26.7 35.3
Text (formal) 34.6 35.9

Pl 160 AN[R] D SCASAN MR 7 1 (A 22 ) 5 R A Vg

9.2% NERAKBRA, EFXIBNFENBXEMRME, HEMBXERERK
R mARRKE A

Failure cases

FETEM A EEERRE, MK K Inter-GPS TIAKEIRER A
%,
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(b)

N~ M

Diagram parser: ambiguous symbols Diagram parser: multiple primitives
©)p c (d) o
In rhombus ABCD,
§ m/ZDAB= K
2mZ ADC. L
A B -
Text parser: nested expressions Symbolic solver: complex theorems

Kl 17: Inter-GPS >R W

B, BRTABRRRTHIRESNRIE, XEATRRERAALHE
HER, BRPRTAYRBESBRERFSE.

Interpretability in Inter-GPS
Inter-GPS BA "AEREME,

9 Conclusion

o M3 Geometry3K $iE&;
« R Inter-GPS R IBEMNTE, RN ERMIREHRTHSHIE;
« M low-first MRRBEHNEETONE, EXEENEENAFS.

10 Appendix
EEEXT 91 MEEAEANNFEELTARR, 28R4, P&

R § FoRARHE B R,

o JUFTZAR;

« —TIUARME;

- BRAJUTEM,;

o« ZWJUTRAR;

o i A-IsXOf-B EREUTX R ;

. HERMAXR,
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# Predicates Literal templates

1 Point Point (A), Point ($)

2 Line Line (A, B),Line (m), Line ($)

3 Angle Angle (A,B,C),Angle (A),Angle (1), Angle ($)

4 Triangle Triangle (A,B,C), Triangle ($), Triangle ($1,$2,$3)
5 Quadrilateral Quadrilateral(A,B,C,D),Quadrilateral (1l),Quadrilateral ($)
6 Parallelogram Parallelogram(A,B,C,D),Parallelogram(l),Parallelogram($)
7 Square Square (A, B, C,D), Square (1), Square ($)

8 Rectangle Rectangle (A,B,C,D),Rectangle (1), Rectangle ($)

9 Rhombus Rhombus (A, B, C,D), Rhombus (1), Rhombus ($)

10 Trapezoid Trapezoid(A,B,C,D), Trapezoid (1), Trapezoid ($)
11  Kite Kite (A,B,C,D),Kite(1),Kite ($)

12 Polygon Polygon($)

13  Pentagon Pentagon (A,B,C,D,E),Pentagon ($)

14 Hexagon Hexagon (A,B,C,D,E,F), Hexagon ($)

15 Heptagon Heptagon (A,B,C,D,E,F,G), Heptagon ($)

16 Octagon Octagon(A,B,C,D,E,F,G,H),Octagon ($)

17 Circle Circle(A),Circle(l),Circle($)

18 Arc Arc(A,B),Arc(A,B,C),Arc ($)

19 Sector Sector (0,A,B), Sector ($)

20 Shape Shape ($)

Table 10: 20 predicates and corresponding literal templates for geometric shapes.

# Predicates Literal templates

1 RightAngle RightAngle (Angle (S))

2 Right Right (Triangle ($))

3 Isosceles Isosceles (Polygon ($))

4 Equilateral Equilateral (Polygon($))
5 Regular Regular (Polygon ($))

6 Red Red (Shape ($))

7 Blue Blue (Shape ($))

8 Green Green (Shape ($) )

9 Shaded Shaded (Shape ($))

Table 11: 9 predicates and corresponding literal templates for unary geometric attributes.

# Predicates Literal templates

1 AreaOf AreaOf (A)

2 PerimeterOf PerimeterOf (A)

3 RadiusOf RadiusOf (A)

4 DiameterOf DiameterOf (A)

5 CircumferenceOf CircumferenceOf (A7)
6 AltitudeOf AltitudeOf (A)

7 HypotenuseOf HypotenuseOf (A)

8 SideOf SideOf (R)

9 WidthOf WidthOf (A)

10 HeightOf HeightOf (A)

11  LegOf LegOf (A)

12 BaseOf BaseOf (A7)

13 MedianOf MedianOf (A)

14 IntersectionOf IntersectionOf (A, B)
15 MeasureOf MeasureOf (A)

16 LengthOf LengthOf (A)

17 ScaleFactorOf ScaleFactorOf (A, B)

Table 12: 17 predicates and corresponding literal templates for general geometric attributes .



Literal templates

# Predicates

1 PointLiesOnLine
2 PointLiesOnCircle
3 Parallel

4 Perpendicular

5 IntersectAt

6 BisectsAngle

7 Congruent

8 Similar

9 Tangent

10 Secant

11 CircumscribedTo
12 InscribedIn

PointLiesOnLine (Point ($),Line ($1,$2))
PointLiesOnCircle (Point ($),Circle($))
Parallel (Line ($), Line($))
Perpendicular (Line ($),Line($))
IntersectAt (Line($),Line($),Line($),Point ($))
BisectsAngle (Line ($),Angle ($))
Congruent (Polygon ($),Polygon ($))
Similar (Polygon (S$),Polygon ($))
Tangent (Line ($),Circle($))

Secant (Line ($),Circle($))
CircumscribedTo (Shape ($), Shape ($))
InscribedIn (Shape ($), Shape ($))

Table 13: 12 predicates and corresponding literal templates for binary geometric relations.

# Predicates Literal templates

1 IsMidpointOf IsMidpointOf (Point ($),Line($))

2 IsCentroidOf IsCentroidOf (Point ($), Shape ($))

3 IsIncenterOf IsIncenterOf (Point ($), Shape ($))

4 IsRadiusOf IsRadiusOf (Line ($),Circle($5))

5 IsDiameterOf IsDiameterOf (Line ($),Circle($))

6 IsMidsegmentOf IsMidsegmentOf (Line ($), Triangle ($))
7 IsChordOf IsChordOf (Line ($),Circle(S5))

8 IsSideOf IsSideOf (Line ($) ,Polygon($))

9 IsHypotenuseOf IsHypotenuseOf (Line ($), Triangle ($))

10 IsPerpendicularBisectorOf IsPerpendicularBisectorOf (Line($),Triangle($))

11 IsAltitudeOf
12 IsMedianOf
13 IsBaseOf

14 IsDiagonalOf
15 1IsLegOf

IsAltitudeOf (Line ($),Triangle ($))
IsMedianOf (Line ($),Quadrilateral ($))
IsBaseOf (Line ($),Quadrilateral ($))
IsDiagonalOf (Line ($),Quadrilateral ($))
IsLegOf (Line ($), Trapezoid($))

Table 14: 15 predicates and corresponding literal templates for A-IsXOf-B-type geometric relations.

Literal templates

SinOf (Var)
CosOf (Var)
TanOf (Var)
CotOf (Var)

HalfOf (Var)

SquareOf (Var)

SgrtOf (Var)

RatioOf (Var),RatioOf (Varl,Var2)
SumOf (Varl,Var2,...)

10 AverageOf AverageOf (Varl,Var2, ...)

# Predicates
1 SinOf

2 CosOf

3 TanOf

4 CotOf

5 HalfOf
6 SquareOf
7 SqgrtOof
8 RatioOf
9 SumOf

11 add

12 Mul

13 Sub

14 Div

15 Pow

16 Equals
17 Find

Add (Varl,Var2, ...
Mul (Varl,Var2, ...)
Sub (Varl,Var2,...)
Div (Varl,Var2,...)
Pow (Varl,Var2)
Equals (Varl,Var2)
Find (Var)

)

18 UseTheorem UseTheorem (A_B_C)

Table 15: 18 predicates and corresponding literal templates for numerical attributes and relations.



